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Introduction.
Lead-lag relationships have been analyzed between many financial markets. A prime example is the link between the index futures and the cash market, where many researchers have found that the futures market leads the cash market (see e.g. Kawaller, Koch and Koch (1987) , Stoll and Whaley (1990) , Chan (1992) and Grünblicher, Longstaff and Schwartz (1994) ). Others considered the relationship between the stock market and the option market. Stephan and Whaley (1990) find that the stock market leads the option market; this phenomenon is explained by Chan, Chung and Johnson (1993) . Also, an increasing number of securities is traded on more than one financial market e.g. securities from many European countries outside the UK are traded on London's SEAQ International market in the domestic currency. Analysis of the lead-lag relationship between these markets would be yet another example.
In order to analyze information flows between markets on short time intervals, high frequency data are required. Typically, all transactions for some sample period are available for analysis. However, the statistical analysis of transactions data is often hampered by the fact that the clock time interval between such observations is varying. For some research questions, such as most micro-structure issues, the differences in clock time interval are not very important and one relies on estimating models in transaction time. However, for the analysis of information flows between markets the clock time is of utmost importance. The usual approach to tackle the problem of irregularly spaced observations is to split the time axis in fixed length intervals of, say, 5 minutes, and use the last observation recorded in that interval in the statistical analysis. This approach has two important drawbacks, however:
If the intervals are small and trading is not very frequent, some intervals may contain no observation. This is referred to as the nontrading or non-synchronous trading problem. Another cause of missing observations are imperfections in data collection, e.g. errors on the data file, which sometimes cause a loss of observations. In both cases, ad hoc procedures to deal with missing observations must then be invoked.
(ii)
On the other hand, in periods where trading is busy, a lot of observations are thrown away. This makes the statistical analysis less efficient. The loss of efficiency is an especially serious problem if busy trading is associated with large price changes, which is usually the case.
In this paper we propose an estimator that avoids arbitrary imputation methods.
This creates the possibility to analyze lead-lag relationships at arbitrarily high frequencies without additional imputation bias, as long as weak identifiability conditions are satisfied.
The plan of the paper is as follows. In section 2 we introduce a consistent estimator of the covariances and correlations of interest from irregularly spaced data. In section 3 we derive the large sample distribution of these estimators. In section 4 we discuss some potential extensions of the method. Section 5 contains an empirical application to the lead-lag relationship between the S&P500 index and the futures on this index. Section 6 concludes.
Technical details are discussed in the appendices.
Estimation of correlations in real time with irregularly spaced observations.
In this section, we present a method for estimating correlations between returns from irregularly spaced transactions data. The underlying model is a discrete time process at an arbitrary time interval, not a continuous time process. We first consider the case where the returns have zero mean and there are no 1 deterministic components in the model . Let p and q denote the (logarithm of) t t levels of the two price series under consideration, where t is the clock-time index. The price levels are assumed to be non-stationary processes, which are stationary after differencing. Denote the cross-covariance function of the underlying returns (one-period price changes) by
If the price levels were observed at every point, the covariances γ could be k estimated efficiently by the usual expressions. However, when using transactions data there are potentially a lot of time intervals with no new observation on the price level. One way to 'solve' this problem is to impute a zero return for this interval, but that will bias the usual covariance estimators towards zero.
In order to obtain an unbiased covariance estimator, we use the differences between observations on the price level over more than one interval. We then infer the covariances of the underlying but unobserved one-period returns from the cross-products of these more-period returns. In this section, we discuss this method in some detail.
We index the observations on p by the index i and the observations on q t t by the index j, and denote the total number of observations by N and M, respectively. The differences between two observed price levels can be expressed as sums of the returns of the unobserved underlying price process The expectation of this cross-product is a linear combination of the crosscovariances γ of the underlying processes k
where the expectation in (4) is conditional on the observed transaction times (t ,t ,t ,t ). Let x (k) denote the number of times that γ(k) appears in i j i+1 j+1 ij this expression. In appendix A the following expression for the x (k) is ij derived:
An important property of the x 's is that they are functions of the transaction ij times t only, not of the observed prices. Therefore, we replace the i conditioning on the transaction times by a conditioning on the x 's and write ij E(y ) as a linear combination of the covariances γ(k), k=-K,..,K, as follows ij
Our estimation method is based on the fact that equation (6) (7) y ≡ x′ γ + e ij ij ij
The covariances can then be estimated by ordinary least squares on the 2 observations of y and the constructed x 's . In principle, all possible ij ij differences between observed prices can be used to construct an x and y . ij ij However, we can confine ourselves to differences of adjacent observations. The reason for this is that differences of non-adjacent observations always can be written as exact linear combinations of differences of adjacent observations.
For example, consider
For this reason, non-adjacent observations do not add information and can be omitted. All in all, N times M cross-products y are available for the ij analysis. It is not necessary to use all of them, however, if the number of nonzero cross-covariances is limited, say to K. In that case, all cross products where 1t -t1 ≥ K and 1t -t 1 ≥ K can be omitted because there will be no i+1 j i j+1
non-zero elements in x in that case. Let all useful observations be contained ij in the design matrix X and vector of observations y as follows
Following Cohen et al. (1983) and MacKinlay (1990,1991) , we assume that the order arrival process is independent of the price process. Under this assumption, and if X′X is invertible and weak regularity conditions arê The proposed estimator is more general than the models proposed by Cohen et al. (1983) and Lo and MacKinlay (1991) , because we do not assume a particular process for the order arrival. As long as the order arrival process is exogenous to the price changes our estimator yields consistent estimates of the covariances in clock-time.
We shall now discuss some special cases of our estimator.
Example 1. Prices observed in every period.
The first case we discuss is the standard case where p and q are t t observed in every period. In this case, only the usual first differences ∆p and ∆q need to be considered. When estimating cross-covariances -K to t t K, the design matrix becomes
. 
The design matrix X in the simplest case that K=1 takes the form ( ) 2 1 2 1 0 02 2 2 2 0 0 1 2 12 X = 2.
.2 2 1 2 1 0 02 2 2 2 0 0 1 2 12 9 0
It is clear that the first and second column are exact multiples of each other, so that there is extreme multicollinearity. Therefore X′X is singular and not all cross-covariances can be estimated. This argument can be generalized to the statement that either complete observations or some irregularly missing observations are necessary to estimate all covariances. Throughout this paper we shall assume that such identifying conditions are satisfied.
From the estimates of the autocovariances, estimates of the autocorrelations can be computed in the usual way. The cross-correlation function is defined as the cross-covariances, scaled by the square root of the product of the estimated variances of ∆p and ∆q t t
Large sample distribution of the estimators.
In this section we derive the large sample distribution of the estimators derived in the previous section. This large sample distribution can be used to test for the significance of lead-lag effects. We start from the usual result that the regression estimator is asymptotically normal and that its variancecovariance matrix can be expressed as
Two estimators of Ω will be considered. Under strong additional assumptions it is possible to obtain an analytic expression for Σ=E(ee′). Subsequently we present a more robust, White-type estimator of Ω.
In order to derive the first estimator of Ω, assume that ∆p and ∆q are t t generated by the same innovations ε , but with different MA coefficients t
Note that this assumption implies that the level variables p and q are t t 3 cointegrated . In Appendix B it is shown that the elements of Σ can be expressed elsewhere. The latter property is easily checked from equation (13). This estimator will be consistent for Ω under much weaker assumptions on the data generating process. For example, we do not need normality, nor the restrictive assumption that both series (p and q) are generated by the same innovations.
Note that the number of non-zero covariances used to calculate the standard errors in (13) or to calculate the indicator in (14) can be smaller than the number of covariances actually estimated. For example, we can estimate 10 covariances, but calculate the standard errors under the hypothesis that all but the first are zero. This will simplify and speed up the calculations of the standard errors considerably.
Extensions of the method.
In this section, we discuss two potential extensions of our method to estimate covariances on irregularly spaced data. The first extension is the inclusion of a latent bid-ask spread, which is very relevant for the applications to financial time series. The second extension is the inclusion of additional observed explanatory variables.
To start with the first extension, suppose that the observed prices can be decomposed in an equilibrium price π plus or minus a fixed bid-ask spread, i δ=S/2. We are interested in estimating the autocorrelations of ∆π . Define a t binomial indicator b , which can take values +1 and -1, such that i
so that the observed price differences can be written as
First, consider the case where we do not know whether the transaction is at the bid or at the ask, hence b is unobserved. We now introduce some strong i assumptions on the bid-ask indicator: b has expectation zero and is i uncorrelated with both its own past and with the price and transaction time processes. Note that these are basically Roll's (1984) assumptions, and therefore our method can be seen as an adaption of Roll's estimator. Under these assumptions, the expectation of the cross-product of price differences is This estimator of the bid-ask spread is similar in spirit to the one proposed by Roll (1984) and Richardson and Smith (1991) , who use a GMM estimator to estimate the mean, variance and bid-ask spread on series of overlapping returns. Our estimator is more general than Roll's estimator and Richardson and Smith's estimator because it allows for serial correlation in the equilibrium price process and for irregular trading intervals. However, the spread estimator suffers from the same weaknesses as Roll's estimator: it needs the assumption that the bid-ask bounce is independent of the price process. Market microstructure theory suggests that this is a very unrealistic assumption. For example, in the Glosten-Milgrom (1985) model with only asymmetric information there is a bid-ask spread, but the serial correlation in observed prices is zero, hence Roll's and our estimator will estimate a zero spread.
The second extension is the inclusion of observed regressors other than the x 's. Conceptually, this is trivial as it extends the model to ij In this case, there will be no bias in the effective spread estimates even if the b series is serially correlated or depends on previous price changes. i
Empirical application.
In this section we present an empirical application of the proposed estimator to the lead-lag relationship between the S&P 500 stock index and futures on this index. As stated in the introduction, this is a well-studied relationship, with the general conclusion that the futures market leads the cash market. Typically, researchers have used five minute intervals, where few observations are missing.
In this section, we also present results at the one minute interval, at which more intervals without trade occur in the futures market. Since the stock market index is adjusted every minute there are no missing data points on the index unless the frequency at which the data are analyzed is even higher than one minute.
Following Stoll and Whaley (1990) , the relation between cash index prices and futures prices can be expressed simply as
where F denotes the futures price, S the cash price, (r-d) the interest rate t t minus the convenience yield (dividends), assumed constant, and T the expiration date of the futures contract. From (20) it is easily seen that there is an exact theoretical relation between the logarithmic returns on the cash index and the futures:
In practice, the equality does not always hold exactly. An obvious cause of these deviations are measurement errors and the effect of the bid-ask spread.
Another explanation, which for the purpose of our paper is more interesting, is
given by potential differences in the speed at which information is disseminated to both markets or the limited ability of index arbitrage, which involves trading in a large number of assets. Therefore, it is interesting to assess whether the returns on one market are predictable from the returns in the other market. Stoll and Whaley (1990) These results are exactly in the direction predicted by Lo and MacKinlay (1991) , who show that the returns of a continuously trading market must lead the observed returns from a market with a positive probability of non-trading.
However, the magnitude of the correlations found by Stoll and Whaley cannot be explained by the actually observed probability of non-trading. Chan (1992) corroborates these conclusions on the Major Market Index, which consists of 20 large stocks and is therefore less prone to non-trading problems. The futures returns lead the MMI index return by 15 minutes and also tend to lead individual stock returns. Especially market-wide information seems to be processed faster in the futures market.
The conclusion of the literature therefore is that the futures market processes new information faster than the cash index market. In this paper we shall investigate this proposition using the covariance estimators developed in the previous sections. The estimator deals naturally with intervals without new observations on the index or futures price. Therefore, the analysis can be 4 performed on a higher frequency than the usual 5 minutes .
Our data concern spot and futures prices of the S&P 500 index, obtained 5 from the ISSM. The sample is from the last quarter of 1993 . The index prices are time stamped exactly at the full minute, whereas the timing of the futures prices is exact up to one second. The data are discretized by taking the last trade or index report in a given interval as the value of the level variable for that interval. If there is no single trade in an interval, this observation is missing. We consider observations on the futures that expire in December 1993 (before 15/12) and March 1994 (after 15/12). As usual when dealing with intraday data, we exclude overnight returns from the analysis, as these cannot be expected to have the same covariance structure as within-day returns, see French and Roll (1986) . We have nearly complete observations for the index. However, for the futures there are intervals without transactions. For example, at the one minute frequency, 13% of the intervals does not contain a new observation.
As a first step in the analysis, we estimate the autocorrelations of the futures price changes and the index changes. Table 1 reports the autocorrelation   estimates of the index and Table 2 those of the futures returns. We consider time intervals of ten and five minutes, as well as a one minute interval. In all empirical results, the variance-covariance matrix of the estimates is calculated under the assumption that only the variance and the first covariances of the returns are non-zero. First, we consider the results on a five and ten minute interval. Following Chan (1992) , the maximum order of correlation considered is six. The index returns show little serial correlation on a ten minute interval, and positive first order correlation on a five minute interval, but further lags are not significant. The futures returns are serially uncorrelated at both the five and ten minute interval. If we increase the frequency of observation to one minute, a different pattern emerges. For the index, the serial correlations are significantly positive, up to order eight. The estimated autocorrelations are smaller than the estimates in Harris et al. (1994) , probably as a result of the different sample period used. The first order autocorrelation in the futures returns is significantly negative. This is very likely due to the bid-ask bounce of the futures contract. There is no significant higher order serial correlation in the futures returns, which shows that all relevant information is immediately reflected in the futures prices, even on such a high frequency as one minute.
We now turn to the lead-lag structure of cash and futures price changes.
The cross-correlations between futures and index returns are reported in Table   x Table 4 .
On the other hand, there is no evidence that the index returns lead the futures returns by more than five minutes, because the cross-correlations for k<0 are insignificant at the five and ten minute intervals. At the one minute interval, there is some lead correlation from the index to the futures returns, but only up to two minutes.
The cross-correlations are stronger than is predicted by the autocovariances in the index alone (cf. Boudoukh, Richardson and Whitelaw (1994) ). Hence, the correlation cannot be due solely to thin and nonsychronous trading in the index alone. An alternative explanation, put forward by Chan (1993) and Bossaerts (1993) is based on differential information in markets. If firm specific information cannot be separated from market wide information in the individual stock markets, index returns will be positively serially correlated, despite the fact that the individual stock returns are serially uncorrelated. If the futures market reflects only market wide information it will lead the returns on the cash index.
Conclusions.
In this paper we have developed a method for estimating covariances of nonstationary time series with irregularly spaced observations. Under weak conditions, this estimator is consistent under any pattern of missing observations. Several extensions to include latent or deterministic variables are developed.
We apply the method to the lead-lag relation between stock market index returns and index futures returns. An analysis on a one minute frequency reveals that the futures lead the cash index by at least ten minutes, whereas the cash index leads the futures by at most two minutes. Another application of our estimator can be found in De Jong, Mahieu and Schotman (1995) . In that paper, we apply the proposed methods to exchange rates. In particular, we study lead-lag patterns between the actual Yen/Dmark exchange rate and the exchange rate implied by cross-arbitrage via the US dollar exchange rates.
Appendix A. An expression for x . ij
Recall the definition of x in (4). In this appendix we show how to simplify ij the calculations necessary to obtain the elements of x . By changing the index ij of summation from i-j to k and working out the resulting expression we obtain t t t t -t -1 t -t -1
t= t +1 k= t -t k= t -t +1 In the case of estimating auto-covariances, the coefficients x (-k) ij should be added to x (k) for all k=1,..,K. Note that x (0) is not changed. The ij ij dimension of the regression model is thus reduced to K+1.
Appendix B. The covariance structure of the error terms.
Let ∆p and ∆q have the following Wold representations, driven by the same innovations t t ε but with different MA parameters {φ } and {ϑ } t i i K ∆ p = Σ φ ε t i t-i i=0
The error terms of the regression equation (5) In shorthand, using the definition of x , this can be written as (13). ij 
